Manifestation of nonclassical Berry phase of an electromagnetic field in atomic 

Ramsey interference 
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The Berry phase acquired by an electromagnetic field undergoing an adiabatic and cyclic evolution 
in phase space is a purely quantum-mechanical effect of the field. However, this phase is usually 
accompanied by a dynamical contribution and can not be manifested in any light-beam interference 
experiment because it is independent of the field state. We here show that such a phase can be 
produced using an atom coupled to a quantized field and driven by a slowly changing classical field, 
and it is manifested in the atomic Ramsey interference oscillations. We also show how this effect may 
be applied to one-step implementation of multi-qubit geometric phase gates, which is impossible by 
previous geometric methods. The effects of dissipation and fluctuations in the parameters of the 
pump fleld on the Berry phase and visibility of the Ramsey interference fringes are analyzed. 

PACS numbers: PACS number: 03.65.Vf, 03.70.4-k, 03.67.Lx, 42.50.Pq 



I. INTRODUCTION 

When the Hamiltonian of a quantum system, depend- 
ing on a set of parameters, is adiabatically changed along 
a closed curve in parameter space, then the quantum sys- 
tem in an eigenstate of the Hamiltonian will acquire a 
purely geometric phase in addition to the usual dynam- 
ical phase [1]. Compared with the dynamic phase, the 
Berry phase is given by a circuit integral in parameter 
space and is independent of energy and time. During the 
past few decades. Berry phase has been the subject of 
a variety of theoretical and experimental investigations. 
Besides the fundamental interest. Berry phase has many 
important applications, ranging from optics and molecu- 
lar physics to quantum computation by geometric means 
[2-6] . Since the Berry phase only depends upon the geom- 
etry of the evolution path, it is robust against fluctuation 
perturbations that affect the dynamical phase [7]. This 
feature makes quantum logic gates based on geometric 
phases have potential fault-tolerance in the presence of 
noise perturbation. The geometric phase has been gener- 
alized to the case of nonadiabatic, noncyclic, and nonuni- 
tary evolution of a quantum system [8,9]. 

The Berry phase and its robustness against noise per- 
turbations has been experimentally tested in various two- 
state systems [10-14]. Optical experiments have been 
performed to observe Berry phase of light beams [15- 
17] that can be understood as a classical effect follow- 
ing the Maxwell equations [18]. The observation of this 
effect at the single-photon level has also been reported 
[19], but the Berry phase without classical origin has not 
been directly measured for any quantum harmonic oscil- 
lator in continuous-variable (infinite-dimensional) states. 
The cyclic and adiabatic displacement in phase space 
is the simplest quantum-mechanical transformation that 
can produce a nonclassical Berry phase for a continuous- 
variable system. Unfortunately, no scheme has been pro- 
posed for realizing such transformation in a realistic phys- 



ical system without introducing the dynamical phase. 
Furthermore, the Berry phase acquired through such a 
transformation cannot be manifested in any optical in- 
terference experiment. This is due to the fact that the 
interference of light fields is fundamentally different from 
that of particles. It is the relative phase of states that 
manifests in the latter case, while it is the relative phase 
of the electric amplitudes in the former case. Thus, the 
geometric phase measured in a light-beam interference 
experiment is the Hannay angle rather than the Berry 
phase [20]. For a cyclic displacement evolution, the ac- 
quired Berry phase is independent of the field state and 
the Hannay angle is zero. 

Here we show that the Berry phase of a quantized 
field, associated with a cyclic and adiabatic displace- 
ment in phase space, can be produced and measured with 
an atomic quantum bit (qubit) that is coupled to the 
quantized field and driven by a classical pump field. By 
means of variation of the parameters of the pump field 
the quantized field undergoes an adiabatic and cyclic evo- 
lution in phase space, conditional upon the state of the 
qubit. The two qubit states correspond to two evolution 
paths in the Hilbert space, one correlated with the adi- 
abatic displacement of the quantized field and the other 
correlated with free evolution. The Berry phase of the 
quantized field is manifested in the interference of the 
atomic qubit, other than in the interference of the field 
itself. As far as we know, our proposal is the first realis- 
tic one for directly measuring the Berry's adiabatic geo- 
metric phase for infinite-dimensional field states. When 
multiple qubits are involved, the acquired Berry phase 
leads to one-step implementation of important geometric 
quantum gates, which can not be achieved by previous 
methods. The effects of dissipation and the fluctuations 
in the parameters of the pump fleld on this phase and 
the atomic coherence are analyzed. The required qubit- 
boson coupling can be realized in cavity or circuit QED 
systems with atomic or superconducting qubits coupled 



to a resonator. 

The paper is organized as follows. In Sec.2 we propose 
a scheme for measuring the Berry phase of a quantized 
field using the Ramsey interference of an atomic qubit 
coupled to the quantized field and driven by an exter- 
nal field. We show that the acquired Berry phase can 
be used for one-step implementation of n-qubit quantum 
phase gates in Sec. 3. In Sec. 4 we investigate the geomet- 
ric phase and visibility of the Ramsey interference fringes 
with the field decay and atomic spontaneous emission be- 
ing included. Sec. 5 sees an analysis of the effect of the 
fiuctuations in the parameters of the pump field on the 
Berry phase and atomic coherence. Finally we dissuss 
the physical implementation of the model in microwave 
cavity QED and generalization of the ideas to the ion 
trap system, and we present a summary of our results in 
Sec. 6. 



II. MEASUREMENT OF THE BERRY PHASE 
OF THE QUANTIZED FIELD 

We first consider a two-level atom resonantly interact- 
ing with a single-mode quantized electromagnetic field 
and driven by a classical field. The dynamics of the whole 
system is described by the driven Jaynes-Cummings 
model [21]. We will label the upper and lower states of 
the two- level atom as |e) and l^r) and describe its dynam- 
ics in terms of the Pauli operators cr^, a^ = {ax^i(Jy)/'2. 
Then the Hamiltonian, in the interaction picture, is (as- 
suming h — 1) 



H = \{a^(T- + a(T+) + n{a-e-^'>' + 



a+e*"^) 



(1) 



where o) and a are the creation and annihilation oper- 
ators for the quantized field, A is the atom-cavity cou- 
pling strength, and Q. and (j) are the Rabi frequency and 
phase of the pump field. The first part of the Hamilto- 
nian, describing the coherent energy exchange between 
the two-level atom and the quantized field, corresponds 
to the normal Jaynes-Cummings model [22]. The second 
part represents the coupling between the atomic transi- 
tion \g) <H- |e) and the classical field. The eigenenergies 
of the driven Jaynes-Cummings model are the same as 
those of the normal Jaynes-Cummings model, while the 
field parts of the eigenstates are displaced in phase space 
with the displacement parameter determined by the Rabi 
frequency and phase of the pump field [21]. This allows 
one to adiabatically drive the quantized field to undergo a 
cyclic displacement evolution by slowly changing the pa- 
rameters of the pump field. The Berry phase gained this 
way is determined by the area enclosed by the phase- 
space displacement trajectory, which is independent of 
the state of the system. To illustrate the idea clearly, we 
first consider the evolution of the dark state (the eigen- 
state with zero eigenenergy) of the Hamiltonian H . Such 
a state is \^o{a)) = \g) |a), where \a) is the coherent state 
of the quantized field with the parameter a = — ile^'^/A. 
Adiabatic following of the dark state renders the phase 



of the quantized field to be opposite to that of the pump 
field. When the parameters of the Hamiltonian complete 
a cyclic evolution after the duration T, the dark state 
describes a displacement loop of the quantized field and 
acquires a Berry phase 



/? 



dt{i})Q{a)\ — \ii}o{a)) 



- f {a* da — ada*) — ±2 A, 



(2) 



where A is the area enclosed by the phase-space loop. 
The ± sign depends on whether the sense of rotation is 
clockwise or counter-clockwise. Suppose that the Rabi 
frequency fl of the pump field is kept constant and the 
phase (j), serving as the control parameter, is slowly var- 
ied from to 27r. Then the state of the quantized field 
is moved around a circle with radius |q;| in phase space 
and the acquired Berry phase is given by — 27r |q;| . Dur- 
ing the adiabatic evolution, the atom remains in the 
lower state |g) and the Berry phase completely originates 
from the cyclic quantum-mechanical displacement of the 
quantized field induced by the adiabatic variation of the 
Hamiltonian. This phase is significantly different from 
the nonadiabatic geometric phase produced by a coher- 
ent displacement force [23] in that the latter involves a 
nonzero dynamical component that is proportional to the 
total phase and thus cannot be removed [8, 24]. We note 
that the displacement evolution path of the quantized 
field is not affected if a term proportional to CTz is added 
to the Hamiltonian. This implies that the acquired Berry 
phase is immune from the fluctuation in the qubit tran- 
sition frequency as compared with the geometric phase 
of a qubit coupled only to a classical field. 

In order to interpret the acquired Berry phase in the 
parameter space we rewrite the Hamiltonian as H = 
\[(a^(T^ + a(T+) + B • cr], where a — {cr^, ay, CTz} and 
B = (Jlcos0/A, ilsintp/X, 0) is the dimensionless effec- 
tive vector field which acts as the control parameter. By 
cyclically changing f2 and/or (f> the Hamiltonian describes 
a closed path in the two-dimensional parameter space 
{B}. When the system is initially in the dark state of the 
Hamiltonian, the state of the system will follow the ef- 
fective field and after a closed cycle it gains a purely geo- 
metric phase proportional to the area enclosed by the cir- 
cuit traversed by the effective field. Note that, although 
the two-level system is coupled to the slowly changing 
effective vector field, its state is not varied when the sys- 
tem is initially in the dark state because the transition 
paths induced by the two fields with opposite phases in- 
terfere destructively. It is the quantized field whose state 
adiabatically follows the effective field B and eventually 
acquires the Berry phase which depends upon the global 
property of the evolution path in the parameter space of 
the effective field. 

The eigenstates of the Hamiltonian H with nonzero 
eigenvalues are |^n+i,±(Q^)) = D{a){\g) \n+ 1) ± 
[e) \n))/^/2, where D{a) — e"" ^" " is the displacement 



operator, and n + 1 is the quantum number of the dis- 
placed field state. After a complete evolution cycle all the 
eigenstates gain the same Berry phase /3, which makes it 
impossible to observe the Berry phase in an interference 
experiment by initially preparing a superposition of dif- 
ferent eigenstates as no relative geometric phase can be 
obtained. Neither can this phase be observed in opti- 
cal interference experiments because it does not depend 
on the state of the quantized field. In the following, we 
show such a phase can be manisfested in the interfer- 
ence between the probability amplitudes associated with 
the atomic state \g) and an auxiliary state |/) which is 
neither coupled to the pump field nor to the quantized 
field mode. The atom is initially driven to the superpo- 
sition state -y^{\g) + |/)) from |/) using a classical pulse, 
which is analogous to the splitting of the photon beam at 
the first beam splitter of a Mach-Zehnder interferometer. 
The quantized field, initially prepared in the coherent 
state |— 0/A), acts as the dephasing element in one arm 
of the interferometer. After adiabatically dragging the 
Hamiltonian of Eq. (1) along a closed loop the quan- 
tized field undergoes a conditional cyclic displacement in 
phase space and introduces a relative phase between the 
two atomic states \g) and |/), leading to the superposi- 
tion state -i={e'^^ \g) + |/)). This implies that the Berry 
phase acquired by the quantized field is encoded in the 
probability amplitude for finding the atom in the state 
\g). The interference between the probability amplitudes 
of the two superposed atomic states can be achieved 
through the transformations \g) — > -y^ilg) — I/)) and 
I/) — > ^(1/) + Iff)) J which are analogous to the recom- 
bination of the photon beams at the second beam splitter 
of the Mach-Zehnder interferometer. Finally, the atomic 
state is measured. The probabilities of finding the atom 
in the states \g) and |/) are given by 



^9,/ = ^(l±cos/3), 



(3) 



which is independent of the atom-field interaction time. 
By varying the Berry phase f3 the probability of finding 
the atom in a definite state exhibits Ramsey interfer- 
ence fringes. Therefore, the Berry phase of light field 
is manisfested in the atomic Ramsey interference. With 
the choice fi = X/V2 and |a| = l/v^, an adiabatic and 
cyclic evolution from (j) = to (j) = 2Tr achieves the Berry 
phase /3 = — tt. Due to the presence of the Berry phase 
the atom is finally in the state \g). On the other hand, 
if no Berry phase is present, the atom is finally in the 
state I/). Therefore, the detection of the final state of 
the atom unambigually distinguishes whether the Berry 
phase is present or not. It is important to note that 
even if the quantized field is in a macroscopic coherent 
state with |q;| :^ 1 the adiabatic and cyclic evolution of 
this field can be engineered by changing the Hamiltonian 
around a suitable circuit in parameter space, enabling 
the nonclassical Berry phase of light to be tested at the 
macroscpic level. 



A modification of the interferometer can be applied to 
measure the Berry phase for any initial field state, for ex- 
ample, a thermal state. If the system is not initially in the 
dark state a purely geometric phase can be observed by 
applying a phase kick — cr^ to the atom at time T/2. The 
product of the atomic state \g) with any displaced num- 
ber state D{a) \n+ 1) can be expressed as a superposi- 
tion of the two eigenstates \ipn+i,+ ict)) and |-0n+i,-(a)). 
During the adiabatic evolution these two eigenstates ac- 
quire opposite dynamical phases. The phase kick inverts 
these two eigenstates, effectively inverting the dynami- 
cal phases accumulated from time to T/2. At time T 
the system completes a nontrivial cyclic evolution and 
the dynamical phase is completely canceled. The whole 
procedure results in a purely geometric phase /?, which is 
determined by the area of the circuit followed by the ef- 
fective field B in parameter space and independent of the 
initial field state. This implies that the quantized field 
does not need to be prepared in a specific state since any 
field state can be expressed in terms of coherent state 
la) and displaced number states D{a) \n + 1). After the 
cyclic evolution all components acquire the same geomet- 
ric phase l3 and the dynamical phases associated with all 
displaced number states D(a) |n -|- 1) are removed via the 
application of the atomic phase kick. The atomic interfer- 
ometer can also be used to measure the geometric phase 
for the quantized field undergoing a noncyclic evolution. 
In this case the geometric phase can be expressed as the 
minus double of the area enclosed by the displacement 
trajectory and the straight line (the null phase curve) 
connecting the starting and ending points in phase space 
[25]. The geometric phase is directly related to the shift 
of the Ramsey interference fringes [26] . 



III. ONE-STEP IMPLEMENTATION OF 
MULTI-QUBIT PHASE GATES 

Besides being of fundamental interest, geometric 
phases can be applied to design of quantum logic gates 
that have an intrinsic resilience against noise perturba- 
tions. We note that the conditional phase gates for n 
atomic qubits can be produced via a single conditional 
adiabatic displacement of the quantized field. The com- 
putational basis for each qubit is formed by the two states 
\g) and [/). If the transition \g) o |e) of each qubit is 
resonantly coupled to a quantized field and driven by a 
pump field, the interaction Hamiltonian is 

n 

i/„ - 5][A,(aV- + aa+) + n,{e-^^% + ^^a+)], (4) 

where the subscript j labels the qubits. Under the condi- 
tion f^i/Ai = il2/A2 = ... = Cln/^n = T thc Hamiltonian 
Hn has dark states of the form |(/)a) |— re*"*^), where \(f>a) 
can be any computational basis state except I/1/2. ../«)■ 
If the system is initially in the state |(/)a) [—?'), slow vari- 
ation of the phase (j) from to 27r produces a Berry phase 



p. On the other hand, the state |/i/2---/n) \—''') is com- 
pletely decoupled from the Hamiltonian _ff„ . As the state 
I/) is not coupled to the fields, transitions between de- 
generate dark states do not occur. Then the evolution 



of the qubit system proceeds as \(j>a) 



a^P 



and 



1/1/2. ../«) ^ e^-^e-'^ 1/1/2. ../„). Discarding the trivial 
common phase factor e**^, this is equivalent to an n-qubit 
controlled phase gate 



Un 



^ g-»/3|/l/2.../„>(/l/2.../„| 



(5) 



in which if and only if all the qubits are in the state 
I/) the system undergoes a phase shift ~fi. This gate is 
essential to implementation of Grover's algorithms [27] 
and quantum Fourier transform [28]. Though any quan- 
tum computational network can be decomposed into a 
series of two- plus one-qubit logic gates, it may be ex- 
tremely complex to construct an n-qubit phase gate using 
these elementary gates as the number of required oper- 
ations increases exponentially with n. Thus, direct re- 
alization of n-qubit phase gates would greatly simplify 
practical implementation of certain quantum computa- 
tional tasks. We note that the nonadiabatic geomet- 
ric means [23] can be directly used for implementation 
of the n-qubit entangling gate J7„ = exp(i0J^) where 
Jz = \YTj=ii\fj) ifjl - \9j) {9j\), but it does not allow 
one-step implementation of the phase gate C/„. 

Another important feature of the present gate opera- 
tion is that it docs not require the qubit-resonator cou- 
pling strengths A^ to be identical. Furthermore, the con- 
ditional phase shift is not affected even if the transition 
frequencies of the qubits are different because the evolu- 
tion of the quantized field is not changed when we add to 
the Hamiltonian 7J„ the terms X^^i '^i'''z,i: where Sj is 
detuning between the transition frequency of qubit j and 
the field frequency. The tolerance to the nonuniformity 
of the qubits is important for the solid-state implemen- 
tation of quantum computation since the parameters of 
artificial atomic qubits are usually not uniform. The ge- 
ometric phase gate can also be implemented with the 
quantized field being initially in any state by applying 
the phase kick to all the atoms at time T/2. 



IV. THE EFFECT OF DISSIPATION 

Now let us derive the geometric phase and the visibility 
of the Ramsey interference fringes with the dissipation 
being included. The evolution of the system is governed 
by the master equation 



P= 



-i[H,p] + C~fp + Ci^p, 



(6) 



where 



CjP = —{2apa* — pa* a — a*ap), 

^«/^ = E E ^(^STkpS+, pS+,ST, s+,s-,p), 



3 k 



(7) 



^tk — I/) (^1' ^~ ~ 1^) 01' 7 is tbe decay rate for the 
quantized field, and Kj^k is the rate for the atomic sponta- 
neous emission \j) — >■ \k) (jfc) being the levels lower than 
\j)). The evolution of the system during the infinitesimal 
interval [i, t + dt] is [29] 



where 



p{t) -^ p{t + dt) = e^"'^'e^-''^*U{t, dt)p{t), (8) 



U{t, dt)p{t) = U{t, dt)p{t)U\t, dt), (9) 



with U{t, dt) being the unitary evolution operator gov- 
erned by the slowly changing Hamiltonian H during [t, 
t + dt]. In the coherent state basis the action of the su- 
peroperator e^'''^^ on the elements of the density matrix 
is given by [30] 



e^-''^*|ai)(a2| 



(a2|ai)^''*|aie-T"^*)(a2e-^''*| 



(10) 



We here have discarded the atomic part in the density 
matrix element, which is not affected by e'^'^''*. The ac- 
tion of the superoperator e-'-'*''* is given by 






oC^dt 



^C^dt 



^C^dt 



I/) (/I - e-«/'^*|/>(.fl+E— (1 

k ' 

\g) (/I = e-(-«+«/)'^*/2 \g) (/I , 
/> (.91 = e-(««+''/)'^*/2 I/) {g\ , 



-^ — K,fdt\ 



\k){k\, 



(11) 



where Kg == I^jKgj, «/ = J2k'^f,k, and \j) and jfc) are 
levels lower than \g) and |/), respectively. The dissipa- 
tion makes the system deviate from the dark state of the 
Hamiltonian and acquire a dynamical phase, which can 
be removed by frequently performing the atomic phase 
kick —az during the course of the evolution of the system 
(M times with M > 1). When M/T > 7, Kg, and Hg, 
the dynamical effect is canceled before dissipation can af- 
fect it, where 'te = X^i '^e,j- When the dynamical effect 
is removed the action of the unitary evolution operator 
on the off-diagonal matrix elements is 



U{t,dt)\g){f\®\ai){a2\UHt,dt) 
e-*'"("^^"''M5>(/l®|ai+rfao>(a2| 



(12) 



where ao — — 51e"^/A. 

Suppose that the Rabi frequency D, of the pump field 
is kept constant and the phase (f> is slowly varied from 
to 2tt with the constant angular velocity w — 27r/T 
during the interval [0, T]. For the initial state -n={\g) + 
I/)) |— 11/A), the state of the system at time T is 

P{T) - lie--^^ 1.9) {9\ ® \ag) (a,| + er^f^ \f) (/| 

(E>\af){af\ +e-^+*'|5)(/l®K)(«/l 
+e'^''''\f){9\^\af){ag\) 



1 r 



"W \"9 



dt 



e— /^ 



)|fc)(fc|®|a/)(a/|, 



(13) 



where 



7 + zo; 
r 



^ 7 + zo; 

-'yT 
ay = re ' , 

r = {Kg + nf)T/2 



— {iuj + ^e ^'^), 

(*we*"*+7e-^*)e-(^-*), 



„2, ,2 



-a;2^2 



[-7T+-(l-e-2^^)], 



^ - -.-[2.-4^--^(-^-y(l-e-^^^)], 



72+^2 (72+a;2)2 



(14) 



r = ri/A. We here have discarded the events that the 
atom spontaneously emits two or more photons. After 
the transformations \g) — > -75(1.9) — |/)) and |/) — > 

-^(1,/) + 1.9)); the probabilities of finding the atom in the 
states \g) and |/) are given by 



P, 



g,f 



where 



4!^ 



-,-KaT 



-KfT 



^(1 



exp[ 



P = 



7^ T^e 



72 + UJ^ 



{e 



-iT 



(15) 



2 2^^' 



(16) 



We here have assumed that the level |/) is lower than 
\g). Under the condition Kg, Kf, 7 ^ l/T', to first order 
correction the visibility of the interference fringes and ge- 
ometric phase are approximately i^ ~ 1 — r^^T — KgjT /2 
and /3 ~ — |q;o| (27r + "f/uj). The spontaneous emissions 
I5) ^ \j) {i 7^ /) and I/) -^ \k) decrease the probabili- 
ties of finding the atom in the states \g) and |/), but do 
not affect the visibility of the interference fringes since 
the sum of the diagonal matrix elements and the sum of 
the off-diagonal matrix elements of the reduced density 
oprator of the atom are shrunk by the same factor due to 
these spontaneous emissions. It should be noted that the 
second order spontaneous emissions \j) — >■ \k) following 
\g) — > |j) (j ^ /) or I/) ^ |j) affect neither the probabil- 
ities of finding the atom in the states \g) and |/) nor the 
visibility of the interference fringes. Due to the second 
order spontaneous emission |/) -^ \k) following \g) -^ \f) 
the correction to the visibility of the interference fringes 
is on the order of Kgj-KfT"^. 



V. THE EFFECT OF FLUCTUATIONS IN THE 
PARAMETERS OF THE PUMP FIELD 

We now analyze the effect of the fiuctuations in the pa- 
rameters of the pump field on the Berry phase and atomic 
coherence. Set the fiuctuations of the Rabi frequency and 
phase of the pump field to be Sn{t) and 5(t>{t). Due to 
the presence of the fiuctuation noise, the dark state of the 
system is \g) \a{t)), where a{t) = -[ro(t) + (5r(t)]e*'^(*), 
<j){t) = Mt) + Hit), ro{t) = no{t)/X, and Sr{t) = 
i5ri(t)/A. Here flo{t) and (j)o(t) are the Rabi frequency 
and phase of the pump field in the absence of noise. 
If the system is initially in the dark state \g) |a(0)) 
and the adiabatic condition is satisfied the final state is 
e^''^^) |<?) \a{T)), where 0(T) - l'^^^'> 
the first order correction the geometric phase is 



Imi^o + Srrd<l>. To 



fT . r^ ■ 

/3~;3o-/ 2ro5r cjy^dt- I rg(5 </> dt + r^ (0) sin (50(r), 
Jo Jo 

(17) 
where /3o is the Berry phase in the absence of noise. We 
here have assumed 5r{{)) = and (50(0) — 0. With- 
out loss of the generality, we again consider the case 
that r^o is kept constant and (J)q undergoes an adia- 
batic cyclic evolution from to 27r with the constant 

change rate 0g= 27r/T. Then the expression reduces to 

/3 ~ /3o — ^ro /g 5rdt. We here assume that the fluc- 
tuations are Gaussian and Markovian processes with the 
bandwidth To (F^) and intensity ct^ [aV) for 5^ {S(j)). 
Under the condition Tq, F^ ^ A, the pump field fluctu- 
ations are adiabatic with respect to the Rabi frequency 
of the dressed atom-field system [7]. Consequently, the 
geometric phase is Gaussian distributed with the mean 
value equal to the noiseless Berry phase. Its variance is 
given by 



4 



16^|/3o| 



(AF,,T)2 



(FoT - 1 



^-TnT\ 



(18) 



In the limit of the evolution being much slower than 
the fluctuation of the Rabi frequency (FqT » 1), the 
variance approximates al — Wn |/3o| cr^/(A2FoT), which 
vanishes in the limit (TnTy^ -^ 0. When FqT < 1, 
the variance reduces to a'i = Stt |/3o| a^/X^. This implies 
that the geometric phase is sensitive to slow fluctuations, 
with the variance being path-dependent like the geomet- 
ric phase itself, coinciding with the geometric dephasing 
for a spin 1/2 in a slowly changing magnetic field [7]. As 
long as the adiabatic condition is satisfied, the fiuctuation 
does not induce any correction to the dynamical phase 
as the spectrum of the Hamiltonian does not depend on 
the parameters of the pump field. Thus the dephasing of 
this system is different from that of the spin 1/2 to which 
the main contribution has the dynamical origin [7]. 

Let us consider the effect of fluctuations in the clas- 
sical control parameters on the atomic Ramsey interfer- 
ence. In the presence of the noise, after the conditional 
displacement evolution the system is in a mixed state. 



whose density operator is given by 

p= I \^) (V-l P{(3)P{Sr{T))P{S(f>{T))d(3dSr{T)dS(f>{T), 

(19) 



where 



1^) 



1 

V2 



s^^(^)|g)KT)) + |/)KO)))], (20) 



P(/3), P{6r{T)), and P{S(t>{T)) are Gaussian distribu- 
tion functions for /?, Sr(T), and 5(t>{T), respectively. The 
coherence between the two atomic states is shrunk by 
a factor F = e-'^^/2-'^n/(2A')-|/3okJ/(47r) j^g ^^ random 

distributions in the Berry phase and the noncychc evo- 
lution of the field state correlated with the atomic state 

\9)- 

Now we analyze how the classical noises affect the fi- 
delity of the n-qubit quantum gates. Set the initial state 
of the qubit system to be Ci IV'a) + C2 I/1/2 •■•/«), where 
|ci| + |c2| =1 and |^a) can be any normalized superpo- 
sition of the computational basis states except |/i/2---/n)- 
Due to the fluctuation perturbation the density operator 
of the whole system again has the form of Eq. (19), where 

1^) = c^e^oiT) 1^^^ |^(j.)^ ^ ^^ |/i/2....f„) |c.(0)) . (21) 

The infidelity caused by the fluctuations is e = |ciC2| (1 — 
F). The result is valid even if these qubits are entangled 
with other qubits not invovled in the gate operation. 



VI. DISCUSSION AND CONCLUSION 

For potential physical implementation of the model, 
we consider microwave cavity QED experiments with cir- 
cular Rydberg atoms and a superconducting millimeter- 
wave cavity, which has a remarkably long damping time 
Tc ^ 0.13 s [31]. The states |/), \g), and |e) are the 
circular states with principal quantum numbers 49, 50, 
and 51, respectively. The corresponding atomic radiative 
time is about T,. = 3 x lO^^s. The transition \g) < — > |e) 
is strongly coupled to the cavity mode with the coupling 
strength A = 27r x 25 kHz. The pump field can be pro- 
vided by a classical microwave source. The adiabatic 
approximation is valid under the condition that the time 
scale T of the variation of the control parameter is longer 
than the inverse of the energy gap SE = A between the 
dark state and the nearest bright states with nonzero 
eigenenergies, i.e., the dynamical time scale. If we set 
T = 20/A, then the leakage error to the excited eigen- 
states is on the order of l/(Ar)^ — 2.5 x 10"'^. Suppose 
that the Rabi frequency fl of the pump field is kept con- 
stant and the phase (j) is slowly varied from to 2tt. Then 
due to dissipation the visibility of interference fringes is 
approximately reduced by {i}/X)'^T/Tc + Kgj-T/2, which 
is on the order of 10""^. The correction to the geomet- 
ric phase is —2Tr{fl/X)'^T/Tc, also on the order of 10~^. 
Therefore, the adiabatic condition can be perfectly sat- 
isfied and the influence of decoherence is negligible. We 



note that the atomic phase kick has been experimentally 
achieved by applying a fast electric field pulse [32] , which 
allows the measurement of the geometric phase for the 
cavity field even if the system is not in the dark state. In 
experiment, it may be more convenient to keep the phase 
of the pump field unchanged, but detune its frequency 
from the frequency of the quantized field by an amount 6 
with (5 <C A. Then tS takes the role of the slowly varying 
phase (f>. An alternative physical system to implement 
the required Hamiltonian is the circuit QED setup, in 
which superconducting qubits are strongly coupled to the 
resonator field. In fact, the Hamiltonian of Eq. (1) has 
been experimentally realized using a phase qubit coupled 
to a superconducting coplanar waveguide resonator and 
driven by an external microwave pulse [33] . 

The above ideas can be directly applied to the ion trap 
system. Consider an ion trapped in a harmonic potential 
and driven by two laser beams tuned to the carrier and 
the first lower vibrational sideband with respect to the 
electronic transition \g) -^ |e) and the vibrational mode. 
In the Lamb-Dicke limit, the coupling between the in- 
ternal and external degrees of freedom of the trapped 
ions is described by the Hamiltonian (1), with the Rabi 
frequency and phase of the laser for the carrier excita- 
tion serving as the control parameters. The Berry phase 
acquired by the vibrational mode after an adiabatic dis- 
placement evolution in phase space is directly manifested 
in the Ramsey interference between \g) and an auxiliary 
state I/) decoupled from the Hamiltonian. It is worth- 
while to note that a scheme has been proposed for mea- 
suring the geometric phase in the vibrational mode of a 
trapped ion by adiabatically varying the squeezing pa- 
rameter in the engineered squeezing operator [34]. How- 
ever, the scheme requires squeezing transformations with 
opposite squeezing parameters before and after the adi- 
abatic evolution, discrimination between two nonorthog- 
onal coherent states, and techniques to cancel the accu- 
mulated dynamical phase. 

We have shown how to produce and observe the non- 
classical Berry phase of an electromagnetic field in a 
generic qubit-boson system involving a qubit coupled to 
a quantized field and driven by a classical pump field. 
The adiabatic variation of the parameters of the pump 
field forces the quantized field mode to displace along a 
loop in phase space, producing a purely geometric phase. 
The origin of the geometric phase is the quantum na- 
ture of the field mode without any classical counterpart. 
When the system is initially in the dark state, the geo- 
metric phase can be directly detected using the atomic 
Ramsey interferometer. Otherwise, one should apply a 
phase kick to the atom to cancel dynamical contributions. 
Besides fundamental interest, geometric manipulation of 
the quantized field opens new possibilities for robust im- 
plementation of important quantum phase gates in a sin- 
gle step. The effects of both the quantum and classical 
noises on the Berry phase and visibility of the Ramsey 
interference fringes are analyzed. 

Note added. Since completion of this work, two 



preprints by Vacant! et al. [35] and Pechal et al. [36] 
investigating the measurement of the geometric phase of 
a quantum harmonic oscillator using the interference of 
a qubit have appeared. The first one proposed a scheme 
to measure the nonadiabatic geometric phase produced 
by a coherent displacement force. The second one re- 
ported an experiment for observing the Berry's adiabatic 
geometric phase in circuit QED. In the experiment, the 
acquired phase includes a dynamical contribution, and a 
purely geometric phase cannot be produced by the cyclic 
evolution of the Hamiltonian. The geometric phase is 
only indirectly measured by evaluating it as the differ- 



ence between the phases for the circular path and the 
phase for a straight line in the phase space. In compar- 
ison, the present scheme allows direct measurement of 
this phase. 
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